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1 INTRODUCTION

Many students, scholars and enthusiasts of science, technology, engineering and mathematics may be
familiar with the online comic xkcd. As a member of all of the above groups, I have followed xkcd,
created by American cartoonist, physics graduate and former NASA roboticist Randall Munroe, and its
quirky and often technical brand of geek humour for a great many years. [/1]

Figure 1| shows an early xkcd comic from 2006, illustrating xkcd's unusual style of humour: As an
example, velociraptor attacks, the subject of are a recurring inside joke on xkcd. What I
find particularly intriguing about this particular comic, though, is that it poses a number of seemingly
legitimate well-constructed questions. The first is a straightforward kinematics problem, while the
third is impossible without the ‘floor plan’ referenced by the question, but the second question poses a
significant challenge:

You are at the centre of a 20 m equilateral triangle with a raptor at each corner. The top
raptor has a wounded leg and is limited to a top speed of 10 m s~!. The raptors will run
toward you. At what angle should you run to maximize the time you stay alive?

The spirit of xkcd does not allow this question to be passed over without at least attempting a solution.
(Indeed, in another comic, Munroe [3] jokingly identifies one of his hobbies as ‘nerd sniping’, distracting
physicists and mathematicians with interesting problems.) Thus in this paper I will attempt to solve one
interpretation of the above question.

While several solutions to this question have been made by simulating the motion of the human and
the raptors using a computer program (courtesy of xkcd's computer-programming readership), I found
these numerical solutions failed to satiate my mathematical curiosity. Thus in this paper I intend to
apply my knowledge from HL. IB Mathematics about solutions to differential equations to the problem
and derive a solution analytically using these standard mathematical tools and concepts.
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MIS5 LENHART COVLONT BE
HERE TODAY, S0 SHE ASKED MR. MUNROE, MIS$ LENHRRT
ME TO SUBSTITUTE. NEVER TAUGHT US THIS.

/

1'VE PUT YOUR
TESTS. PLEASE GET

STARTED.

THATS BECAUSE MIS5 LENHART DOESN'T
UNDERSTAND HOW IMPORTANT CERTAIN
/ KWDS OF MATH ARE.
BUT THIS JUST LDOKS =-

~ THI WATERIAL 1S MORE AL THAN.
ANYTHING YOU'VE EVER LEARNED

BUT--  —
NO BUTS.

———— THI5 'S A MATTER OF LIFE AND DEATH.

Name :

. The velociraptor spots you
40 meters away and attacks,

accelerating at 4 m/s*2 up
to its top speed of 25 m/s.
When it spots you, you begin

to flee, quickly reaching your
top speed of 6 m/s. How far
can you get before you're caught
and devoured?

. You are at the center of a 20m equilateral triangle

with a raptor at each corner. The top raptor has a wounded
leg and is limited to a top speed of 10 m/s.

4
)
AN

The raptors will run toward you. At what angle should
you run to maximize the time you stay alive?

(Not to scale)

. Raptors can open doors, but they are slowed by them.
Using the floor plan on the next page, plot a route through
the building, assuming raptors take 5 minutes to open the
first door and halve the time for each subsequent door.
Remember, raptors run at 10 m/s and they do not know fear.

Figure 1: XKCD comic 135: ‘Substitute’
Caption: “YOU THINK THIS IS FUNNY? [2]



An analytic solution to xkcd comic 135 3 of 13

2 FORMULATION OF THE QUESTION

Let us first consider the motion of the human. Based on the first sentence of question 2, we will suppose:

* A human is at the centre of an equilateral triangle of side length / m = 20 m with a raptor at each
corner.

And since question 2 asks for a particular angle, we further suppose:

* The human begins at the origin, (0, 0), and runs outward in a straight line away from the origin,
making an angle ¢ with the y-axis, measured clockwise.

Finally, since question 1 mentions the human reaches its top speed of 6 m s~! “quickly’, we will assume:
 The human runs at v, ms~! = 6 m s~!, and has infinite acceleration up to this speed.

Unfortunately, the motion of the other component of the question, the velociraptors, is less clear. While
the question states that “The raptors will run towards’ the human, each question suggests different values
for the acceleration and maximum velocity of the raptors: Question 1 states that a raptor accelerates
at 4 m s~2 up to a maximum of 25 m s~!, whereas question 3 suggests a constant speed of 10 ms™!,
which is in turn contradicted by question 2, which implies that the top speed of an uninjured raptor is

greater than 10 m s™!, but does not quote specific values for acceleration or maximum speed.
In this paper, we will suppose that:

* One raptor, raptor 1, begins directly above the human (on the y-axis), runsatv; ms~! = 10ms™!,
and has infinite acceleration up to this speed.

» Two raptors begin 120° either side of the human, raptor 2 to the left and raptor 3 to the right, run
at v, ms~! = 25 m s~!, and have infinite acceleration up to this speed.

* Each raptor runs towards the current position of the human at all times.

This is depicted in

y
,’I raptor 1
7
/ /,
// //
L/ e
// i?//
4 /7
<~ n > X
/ human
/
//
‘o °
raptor 2 raptor 3
Y

Figure 2: Diagram of the situation at the beginning of the question

Let kq, k, and k5 be the times taken for each raptor to individually catch the human, i.e. the time taken
for the distance between the human and the raptor to reach 0, ignoring the other raptors. The question
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is:

* For what angle 6 is the overall time of survival of the human, k,,;, = min (k, k,, k3 ), maximised?

3  APPLICATION OF MATHEMATICS

Let us firstly consider the motion of a single raptor travelling at v, m s~!. The positions of the human
and raptor over time, s}, and s, respectively, can be approximated numerically using a geometric method
similar to the Euler method as shown in|Figure 3

sp(0) sp(1) Sh(2) Sh(3) Sh(4)
» >u >u ——>8 ——>=

()

Figure 3: Geometric method for numerically approximating sy, and s,

In each time interval of At s (in 1 s), the situation can be modelled as the human travelling
v, At m in its direction of motion, followed by the raptor moving v,At m towards the human's new
position.

It is possible to solve for the equation of the raptor's motion (see Lloyd [4] and Mungan [5]), but as
the question relates only to the distance between the raptor and the human, I have taken a different
approach, focusing only on this distance D, and the angle 6 as shown in

VhAt -~ VhAt - VhAt - VhAt -
*50) Tjﬁzm R s
: - v At
by, PSR

D(0)

Figure 4: D and @ over time in

Just as decreasing the step size in the Euler method increases the accuracy of the result, we will take the
limit as At — 0 to yield equations relating D and 6 (in fact cos 8) over time. As the product of real-world
physical kinematics, we may intuitively expect D(¢) and cos 6 (¢) to be continuous and differentiable,
so we will assume this is the case.

Consider the situation at a time ¢, as shown in [Figure
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Figure 5: An extract from the model at time #

Applying the cosine rule to the triangle on the left with sides D(¢), v, At and v, At + D(t + At), using
the angle 6(¢),

(vAL +D(1 + A1) = (D(1)? + (vyA1)” = 2(D(1)) (vy At) cos 6(1)
Expanding and rearranging,

(D(1))? + vy, 2(A1)* = 2D(1)v, At cos 0 (1) (1)
w2 (A1) = 2D(t)vy, At cos 0(t)
—v.2(AD? = 2v,AtD(t + A1)

v.2(A1)? + 2v,AtD(t + At) + (D(t + Ar))?
(D(t + An)* — (D(1)?

Dividing both sides by At,

(D(t + A1)* = (D(1)?
At

vy 2 At — 2D(t)vy, cos O(t) — v,2At — 2v.D(t + At)
Taking the limit as Ar — 0,

2 2
lim (Dt + At)it = DU _ oD, cos (1) - 2v.D (1)

Since D(¢) is assumed to be differentiable at ¢, from the first-principles definition of the derivative, the
left-hand side is simply %Dz. Substituting this in,

ditDz = —2Dv}, cos O — 2v,D
Applying the power rule to the left-hand side and writing in terms of %),
ZD%—II) = —2Dv}, cos § — 2v.D
(il_lt) = —y,cos 0 — v, 2)

Returning to and applying the cosine rule again, but using the angle ¢ = 180° — 6 (¢ + At), so
cosa = —cos B(t + At),

(D(1)? = (v,At + D(t + AD)* + (vyA)® + 2(v, At + D(t + A1) (v, At) cos O(t + Af)
(D(1)? = v2(AD? + 2v,AtD(t + A1) + (D(t + AD)? + v, 2(Ar)?
+ 2v.(AD)?vy cos (1 + At) + 2D(t + At)vyArcos 0(t + Af) (3)
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Adding [Equation I|and |[Equation 3|together and collecting like terms,

0 = 2v,2(AD)? = 2D (1) vy At cos 0(1) + 2v, (A1) vy, cos 0(f + Af)
+ 2D(t + At)v,Atcos O(t + At)

Dividing by 2v;, At and rearranging,
D(t + At)cos O(t + At) — D(t) cos O(t) = —v,Atcos O(t + At) — v, At

Dividing by At and taking the limit as Az — O,

m D(t + At) cos 0(t + Ar) — D(1) cos 0(1)

li = —v.cos O (t) — v,

A0 At
Once again, the left-hand side corresponds with the first-principles definition of a derivative, d%D cos 6.
Substituting this in,
d
d_tDCOS 0 = —v.cos 0 — v,
Applying the product rule to the left-hand side,
dD dcos 6
EcosH+D T = -y, cos 0 — v, “4)

Together, Equations 2| and |4| form a first-order non-linear system of differential equations, the solution
to which yields the equation for the distance between the human and raptor over time, D(t).

Substituting [2] into 4]
(—v,cos O —v,)cos b + Ddcc(l): b _ —V,c0s 0 — vy,
—vp, cosZ 0 — v, cos 0 + Ddcgts o = —y.co80 — vy,
v, €082 0 — vy, = Ddcgts 0 Q)

dcos@ _ dcos@ dD _

dcos 0
3 =i d[—(—vhcosﬁ—vr)—

Note that by the chain rule, D

. Substituting this in,

dcos 6
—aD (6)

This is now a first-order separable differential equation in D and cos 0. Rearranging,

v, €082 @ — v, = D(—vy, cos 6 —v,)

I —v,cosf —v,dcos @

D~ y,cos20—v, dD
Integrating with respect to D,
1 - -
/—dD = /Mdcosg
D v, €082 0 — vy,

1 2 0
In|D| + ¢ = ——/&dcosﬁ—/#dcosﬁ
2 vycos26 — vy, V082 0 — vy,

1 1
1n|D|+c1 = —§1n|vh00820—vh|—:—;/mdcosﬂ

1

1 5 Ve
In|D| + ¢, —§1n|vh(cos 6-1) _v_h/(cosﬁ—l)(cosﬁJrl)dcosg
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. 1 _ 1 _ 1 .
To evaluate the final integral, note that s 0T 07 D) = 2100501 — 2cos 07Dy This result can

be derived using partial fraction decomposition, and can be verified by expanding and simplifying.
Substituting this result in,

1 vy 1 1
In|D|+c; = ——1n|vh(cost9 —1)(cos@ + 1)| - /2(0056’ 1 " 2cos0+ D) dcos 6
1 v, 1
In|D|+c¢| = —§1n|vh||c050— lijcos @ + 1] — 2vh/cosﬁ— 1~ s+ 1 dcos @
In|D|+c; = —%ln|vh|— %lnlcos@— 1] - %1n|cost9+ 1] - 7 hlnlcosﬁ— 1] + 7 h1n|cost9+ 1]

Since v, > 0, D > 0 and —1 < cos # < 1, we can simplify the absolute value operations:

lnD+cl:—%lnvh—%ln(l—cosH)—%ln(l+cos6) oI “In(1 —cos®) + 2 “In (1 + cos0)
Vh Vh
ve 1 vy 1

InD+ ¢, = 3 T3 In(1 +cosf) — ﬁ+§ In(1-cosf) (cp =cy+Inw)
h h

Raising both sides to base e and rearranging,
Vi 1 Vv, 1
elnD+cy _ e(z—vrh—z) In (1+cos 0)—(—’h 5) In (1—cos 6)

e(;—r—%) In (1+cos 6)
De‘2 =

ve 1
3(2_Vrh+7) In(1-cos @)

[SIE

2_
AD = (1 +cos@)

(A =e?) (7

r

1
(1 = cos 0)2“h 2
Now, as we wish to find the time ¢t = k when the human is caught by the raptor, i.e. when D = 0,

the value of cos @ at this time, cos 6, can be solved for by substituting D = 0 into [Equation 7| and
evaluating cos 6:

(1 +cos@;)>n

Vr

(1 —cosf)>n
0=1+cosby

=

0=

+

SIS

cosf, =-1

Additionally, the constant of integration A can be solved for by substituting the the initial conditions D,

and 6, into and evaluating A:

Nl -
5
|
D=

1 +cosfp) >

ADO = (
(1 —cosfg) >

+

I\)l -
5
D=

Vr
(1 +cosfgp)>n
Vr
Do(1 —cos fy) >
ro 1
1+cos 6g \2v, 2
1—cos 8¢

(SIE

A=

L 4+

N[=

- Dy(1 —cos 8)

Vr 1

2 2v, 2
_ (1—c0500 B 1) ' (8)
~ Do(1-cosby)
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Now writing [Equation 7|in terms of D,

(1 + cos G)Z_Vh

1
2

D =

Vr

r 1
A(l —cosf)>n 2
Substituting this into

Vr

1
) (1 +cos@)*n % dcos6
VL Cos” 0 — vy, = —
r+§ dt

A(1 — cos )

This is now a first-order separable differential equation in cos 8 and ¢. Rearranging,

| = (1 +Vcos10)2v_vrh_% dcos 6
A(1 - cos H)ﬁﬁ(vh cosZ 0 —vy,) dr
1= (lv-:-C(I)SG)ZV_Vrh_% dcos 8
Av, (1 —cos G)Z_Vthi(l —cosB)(1 +cosB)
1= (1 + cos 6)%:% : dcos 6
Avy, (1 = cos 0)2_Vrh+5 dr
Integrating with respect to t from ¢ = 0 to ¢ = k, i.e. from cos 8 = cos O to cos § = cos O, = —1,

Vr _é
2

k -1 v
/ ldt:/ __(+cost) — dcosd
0 cosfo Ay, (1 — cos )22

1 -1 (1 +cos@)>n

k=—— .

Avp c0s 0o (1 — cos §) 2"

3
3

Thus we have derived an expression for k as required. Evaluating the integral,

v

T 3
-1 1+cos @ \2v, 2
1 Tocos 0
k= ——— %dcos@
Avh cos 60 (1 — COS 0)
vr 3
_1 2 20,72
_ 1 (1—0059 B 1) " 1 d
- 3 cos 6
AvhJ cos g, 1 —cos 6 (1 —cos )
Substituting # = —— so —%— = —— =L __and L__dcos@ =du
l1-cos ¢ dcos 6 (1—cos 6)> (1—cos 6)> ’
1
k=-L [° (2 1);_511‘%(1
- Awy, 1 it “
l—cos@o
I : Qu—-1+1)2 —1);_5}1_%d
T 24w ) . . "
1-cos O
1 % vr
1 2 T _% 3

Qu—-1)QRu-1) 24+ Q2u-1)> ?du

C2Av, )

1—cos 0y
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1
L[ 2(2u - 1)2v_vrh‘% +2(2u — 1)2V_vrh‘%d
- 4AVh 1 “ " "
1-cos 0
1
oryl 193
B 1 |Qu—-1"" 2 Qu-1)*n 2
- 4AVh Ve 1 i _ 1
2vy 2 vy, 2 i
1-cos 6y
) N =
2 vho 2 2 vh 2
— -1 —= -1
1 1-cos 6 1-cos 6 . vy 1
=17 Avy A + 1 (provided I I 0) C))
2Vh 2 2Vh 2
Substituting in
2 Tt 2 ETt
Do(1 —cosf) (1—cos90 - 1) (1—00500 B 1)
k= o1 ! + 1
- 1) Tl T TR
2
_ Do(1 —cosBy) Tcosog — 1 1
= dvy o, 1 T 1
2Vh 2 2Vh 2
_ Dy 1+cosfy 1—cosby
Ty | L T 1
2Vh 2 2Vh 2
(1 +cosfy 1 —c0500>
O\ 20, +2v,  2v, — 2w,
_D 2v, = 2wy, + 2v,.cos O — 2v,, cos O + 2v, + 2vy, — 2v,. cos O — 2vy, cos O
-0 4Vr2 - 4Vh2
:Do(vr—vhcosﬁo) (10)

V2 — w2

Returning to the situation described in the original question, the initial distances and angles between

the raptors and the human are shown in

y
/I
/
/
,130° A
/ /’
4 /7
4 ’
4 ’
/ ’
L .
// £//
B , «p+120°f.3 >
K T >
, T gfr240os
/7 - S
3027 Dy
77200 S
-0 _______| Y
/2
Y

Figure 6: The initial distances and angles in the original question
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l
l 20

The initial distance D, for each raptor is the same, —2 = L =29 \hile the initial angles 6 for
cos 30 3 3

raptors 1, 2 and 3 are ¢, ¢ + 120° and ¢ + 240°, respectively.

Thus, using|Equation 10} given these initial conditions and the speeds of the human and raptors outlined
in the original question, k, k, and k5 are:

K :@(10—6cos((p))

‘/g 102 - 62
L = 20 (25 = 6cos (¢ + 120°)
> 5 252 - 62
I = 20 (25 = 6¢os (¢ +240°)
5 252 - 62

Figure /| shows a graph of k;, k, and k5 against ¢, and a graph of the overall time of survival k,,;,, the
lowest of the three functions for any given angle ¢.

3

| | | |
0 60 120 180 240 300 360
@
0.6 T T T T T

051 :

03 | | | | |
0 60 120 180 240 300 360

@

Figure 7: Graphs of time of survival k (seconds) against ¢ (degrees), given the
conditions outlined in the original question

As shows, ki, is maximised when ¢ = 0°, i.e. when the human runs directly towards raptor
1, the slower raptor. At this angle, k.,;, = k, = k3 = 0.549 (seconds).

This is a rather anticlimactic result, however the formula can be extended to other cases. If, for example,
the speed of raptor 1 were to be 20 m s~! instead of 10 m s~!, the graph would be and the
overall time of survival would be maximised where k; intersects k3 at ¢ = 35.3° (or equivalently due
to symmetry, where k; intersects k, at ¢ ~ 325°).
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0.9

0.3 | | | | |
0 60 120 180 240 300 360

@

0.5

0.45

min

0.35 | | | | |
0 60 120 180 240 300 360

@

Figure 8: Graph of time of survival k (seconds) against ¢ (degrees), if v; were
instead 20

4  CONCLUSION AND EVALUATION

In this paper, it has been ascertained that a single raptor travelling at v, m s~! pursuing a human travelling
vi—V}, cos 6 )
—7— | S,

at v, m s~!, beginning D, m from and at an angle of 6,,, the human will be caught in DO( =
r —'h

2";}1 - % > (. Based on this, it is concluded that, in the specific situation outlined in the

introduction, considering all three raptors, the human would maximise their overall time of survival by
running directly towards the top raptor.

provided that

While solving the question, a number of assumptions were made regarding the nature of the answers,
namely the continuity and differentiability of D(¢) and cos 6(t), justified with reference to the physical
context of the questions. No other proof is offered for these assumptions, and if they are false, the results
of this paper will be invalid. However, given the physical context, it is believed that these assumptions
are reasonable.

Also, when 6, = 0° or 180°, i.e. when the human runs directly towards or away from a raptor, the
method outlined is invalid (as # and hence cos # do not change with D). In these cases however, k is

Dy Dy

trivial to determine, and is simply —— or —-
r r

the final results of this paper are unaffected.

respectively, as correctly predicted by [Equation 10} so

Some other issues arise with the method taken in this paper of considering the human and raptors as
infinitesimally small points, which can be seen, for example, in the result that cos 6, = —1, i.e. that at
the point of interception, the raptor always approaches the human from behind (except in the special
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case when 6 = 0). This is not an intuitive result, as one would expect that in the real world, the raptor
may well intercept the human from the front. This appears to be a result of requiring D to be precisely
0 before considering the human to have been intercepted, whereas in reality, the human merely needs
to be within the raptor's reach to be devoured.

2V’ —~ 1 <0,ie when v, > v, then k is
Vi 2

undefined irrespective of 6 (except when 6, = 0), as|Equation 9| will cause zero to be raised to a
negative power or to the power zero, hence suggesting that the human will never be caught by the
raptor. In reality, there would be a small range of values of 6 where the human would nevertheless
run sufficiently close to the raptor to be caught. An extension to this paper could be to consider these

factors, or even investigate the range of angles 6, where the human would be caught even if v, > v,.

Similarly, this requirement for D to be 0 means that when

Another extension may be to consider other variations on the raptors' motion, for example, if v, is a
function of time, as would be the case if the raptors accelerate over time up to a given maximum speed,
as in the first question in the comic. The general method outlined (solving the system of differential
equations given by Equations [2|and 4) is applicable to such interpretations, however more complex
motion may require a different approach to solving the systems of differential equations. For example,
if v, is dependent on ¢, would not be a separable differential equation in cos 6 and D, so
another method would be required.

Finally, it is noted that the results of this paper, as shown in|Figure 7| appear to be very similar, if not
identical to a previous solution by Campbell [6]], however Campbell uses the different interpretation
of assuming that the raptors move in a straight line to intercept the human in the least time. This
is a surprising result, and it may be an interesting extension to further investigate this phenomenon
to ascertain whether this is a general result, and whether it can be applied to other, more complex,
situations like that outlined above. If so, the technique may have significance for mathematical analysis
of other pursuit curves with more realistic applications.
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